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The Royal Society

On a variance associated with the
distribution of general sequences
in arithmetic progressions. II

By R. C. VAUGHAN

Department of Mathematics, Huxley Building, Imperial College of Science,
Technology and Medicine, 180 Queen’s Gate, London SW7 2BZ, UK

Asymptotic formulae of Montgomery—Hooley type are obtained for general sequences
which, for relatively small moduli, have an approximate asymptotic distribution in
each residue class.

Keywords: variance; distribution; sequences; residue classes; asymptotics

1. Introduction

We continue our study of the variance associated with the distribution of general
sequences in arithmetic progresions. In particular, we turn our attention to the situ-
ation considered by Hooley (1975a). Thus, we are interested in the extent to which
it is possible to obtain an asymptotic formula for the variance

V@) =3 S [Alwig.a) - f(g,a)b(x)]?, (L1)

q9<Q a€A(q)

where A(q) is a suitable set of residue classes modulo ¢, A(x;q,a) denotes

Awga)= Y an (12)
n<x
n=a (mod q)
and f and @ appropriately reflect the local and global properties, respectively, of the
real sequence {a,, }.

As remarked upon in Vaughan (this volume), for reasons of practical expediency,
it is usual to introduce a system of weights so that the main terms f(q,a)®(x) are
transformed into f(q,a)z. Having illustrated this procedure at some length in our
previous work, and there being no need to dwell on the point any further, we satisfy
ourselves with the observation that such tranformations can also be applied in the
work described herein and with the same general conclusions modulo any natural
adjustments which may be required by the situation in hand.

The situation of greatest interest is normally that in which the set of residues .A(q)
includes all those a for which A(x; ¢, a) has a positive asymptotic density as x — 0.
Thus, where necessary by an appropriate adjustment to f(q,a), we may suppose that
A(q) is a complete set of residues modulo ¢. Finally, in the vast majority of cases of
practical interest the ‘local factor’ f(q,a) which arises depends on (a, g) rather than
a (and when a,, is specialized to be the indicator function of a set of integers this is
the precise situation which is studied by Hooley (1975¢)). Thus in this memoir we
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Printed in Great Britain 793 TEX Paper


http://rsta.royalsocietypublishing.org/

\
\ \

Py
A

yA

A

J

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A
N
A A

P

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

794 R. C. Vaughan

suppose that V' (z, Q) satisfies not (1.1) but

q
Vie.Q) = S |A@iq.0) - £(a. (. 0))af (1.3)
4<Q a=1
Here we suppose that there is an increasing function ¥(z), with ¥(x) > log x for all
large x, ¥(1) > 0 and
xr
[ v ay <o,
1
such that
x
Alx; = O—— 1.4
(i) = o0, 0,) + 0 () (1.4
uniformly for all real > 1 and natural numbers g and a, and we note that imme-
diately from these assumptions we have ¥(z) < .
The most natural assumption concerning the a,, in the argument we have in mind
is not that the sequence a,, be the indicator function of a set but rather that it be
bounded in mean square, or, more precisely, that

dar < (1.5)

n<x

uniformly for all positive real x. The nature of our results depends on the properties
of the arithmetical function

2
9(a) = 6(a) (Z f<q,r>u<q/r>) | (1.6)
rlq

One consequence of (1.5) is that the series
oo
> gla)
q=1

converges, and the quality of our main conclusions depends on the rate of convergence
of this series and the extent to which

zY glq)

is a good approximation to the left-hand side of (1.5).
With the above definitions it is now possible to state a simple conclusion.

Theorem 1.1. Suppose that (1.5) holds and that

Q > Vxlog 2z, (1.7)
and let
B = [ Y ooy (18)
and w
U@ = Ve Q) - QY e+ Qazilg(q)- (19)

Phil. Trans. R. Soc. Lond. A (1998)
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Distribution of sequences in arithmetic progression. II 795

Then E(z) = o(z) as z — oo and
Uz, q) < 23/ logz + 22 (log 22) "W (x) ™! + 22 (log 2)*/*W (2)~2/3 + Q*E(2/Q).
By comparison, Hooley (1975), in the special case that a,, is an indicator function
and that (1.4) holds with ¥(z) = (logx)? for every fixed positive A, has shown that
V(z,Q) < Qx + z?(logz) 4.

One might hope that the term containing LT/(x)_2/ 3 could be dispensed with, but
all the internal evidence, either from the proof given here or Hooley’s (1975) method,
suggests that to be successful in this endeavour some information is required con-
cerning the behaviour of the a,, in short intervals, i.e. of A(u + v;q,a) — A(u; g, a).

By Parseval’s identity
1
| 16@pPda=3 a2,
0

n<x
where
G(a) = Z ape(na) (1.10)
n<e

and it is not hard to show on assumption (1.4) that the contribution from the con-
sequential natural major arcs is asymptotically

oo
2> g(q).
qg=1
Thus the main term

QY ar—Qx> g(q)

n<e

in theorem 1.1 is closely related to the minor arcs. In many of the common situations
matching our conditions it is known that the contribution from the minor arcs is
smaller than that from the major arcs. For example, this is so when a,, is the indicator
function of the k-free numbers (k > 2). Thus, in such a situation the two expressions
in the main terms largely cancel. However, we can then anticipate that provided we
have some knowledge of the asymptotic behaviour of their difference, and perhaps
also of E(y), it is still possible to obtain the asymptotic behaviour of V(z, Q). That
further information regarding E(y) may be required is born out by the case of k-free
numbers where the final main term is indeed of the same order of magnitude as
Q?E(x/Q) for a large range of Q.

Theorem 1.2. Suppose that there are positive real numbers n and ¢ such that
0<n<l1

Z a2 — xZg(q) = o(z 2T/ (2+2n)) (1.11)
=1

n<x q

as x — oo and

> glg) ~ ey (1.12)

>y

Phil. Trans. R. Soc. Lond. A (1998)
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796 R. C. Vaughan

as y — 0o. Suppose further that
Q > /xlog 2.
Then
V(z, Q) = Q*M(2/Q) + O(x* % log x 4 2% (log 22)*/?W () ~* 4 2% (log )/ 3w () ~%/3),

where

—2¢(-n) -
~ (—m— n
M(y) ~ e 2 Y

as y — 00.

Theorem 1.2 can be applied in the case when a, is the indicator function of the
k-free numbers, and it gives a main term of the general form

CQ*(x/Q)"*.

However, it is possible to make use of the special features of the sequence of k-free
numbers so as to obtain an error term superior to the one given here (see Croft 1975),
and we intend to return to this problem in a future paper.

The method of proof of theorem 1.2 is equally valid under more general conditions
than (1.11) and (1.12). For example, with appropriate adjustments to (1.11) and the
conclusion, condition (1.12) could be replaced by

> 9(a) ~ k(y), (1.13)

where k(y) is a suitably smooth function tending to zero through positive values.

It is natural to ask whether the main terms in theorem 1.1 always cancel, and we
show that this is not so by the construction of an example. The point is that the
example places a positive proportion of the mass in

1
| 16 da
0
on the minor arcs.

Theorem 1.3. Let A = %(\/57 1) and 6 € (0,1), and let a,, be 1 when {An} < 6
and be 0 otherwise. Then (1.4) holds with f(q, (a,q)) = 0/q and ¥(x) = z'/3, and

o0

> gla) =07,
q=1

but
Z a2 =0z + O(x?/3).

n<x

We give an elementary proof of theorem 1.3. By invoking the Erd6s—Turén the-
orem, or Selberg’s magic functions, it would be possible to take ¥(x) = z'/? and
achieve an error O(z'/?) in the final conclusion.

Phil. Trans. R. Soc. Lond. A (1998)
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Distribution of sequences in arithmetic progression. II

2. Preliminary lemmata

Here we record some useful consequences of assumptions (1.4) and (1.5).

Lemma 2.1. Assume (1.4) and (1.5). Then
> Ifar |7 < (log2Q)*"*
a<Q rlq

and

D) If(am)ld(a/r) < (log2Q)"/>.

q<Q rlq

797

(2.1)

(2.2)

Proof. We give first the proof of (2.2). When r|g the number of integers a with

1<a<qgand (¢,a) =7ris ¢(q/r). Thus

1 q
|f(q,r)| = S ; £(q, (g, a))|.
(g.0)=r

Hence, by (1.4),

> D If@mldlg/r) = lim ),

q<Q r|q

where

Dyl Y

q<Q r|q a=1 n<x
(q,a)—'r n=a (mod q)

_ d(q/ (q,
S ol S0
n<e q<Q q/q,n
The innermost sum here is

Z Z i(z) < Z logZQ

r<Q  s<Q/r (

rln (s,n/r)=1 T\n

Hence, by Cauchy’s inequality and (1.5),

2
P 12(2 ) (log2Q)* < (log2Q)".

n<r “r<Q
r|n

To prove (2.1) we argue in a similar vein. We observe that it suffices to bound

w2 la "'quﬁq/q,n)

n<x q<Q

< Z O’(T)l
r<Q

rin

The inner sum here is

Phil. Trans. R. Soc. Lond. A (1998)
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798 R. C. Vaughan

Thus it suffices to bound

1
IETSD SN o
s<Q n<e  1<Q/s
s|n tin/s

By Cauchy’s inequality and (1.5), the sum over n is

(s )

n<r “t<Q/s
s|n tin/s

s~ 12(log 2Q)*/2,
and (2.1) follows.

Lemma 2.2. Suppose that (1.4) holds. Then

r) =Y f(a(qa)

rla

and

> ulr) f(sr,sr) = d(q) (54, 9)-

rlg
Proof. By (1.4)
f(r,r) = lim 2! Z .-

n<e
rin

ZZ%

n<x
r\a n=a (mod q)

The sum here is

which gives (2.3). Then, on replacing r by sr, we obtain

doulr)f(srosr) = ulr) Y f(sa,(sq.a))

rlg rlg
srla

= > f(s.5)

b=1
(a:0)=1

Let

n<x

= fla.9)u(q/s)

slg

Phil. Trans. R. Soc. Lond. A (1998)
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and
Alg,a,08) = Gla/q+ B) —v(g)J(B). (2.7)
Lemma 2.3. Suppose that (1.4) holds. Then
q
> Alg.0.8) < 0la) s 1+ 218, (2.8)
a=1
(a,q)=1
q qzx
2 1 2.
; (0,0, B) < gz (14211, (2.9)
(a,q)=1
and when (a,q) =1,
lim 27 'G(a/q) = v(q). (2.10)

Proof. We have

q

Gla/q+B) =) elar/q) > ane(nf)

r=1 n<x
n=r (mod q)

and

éear/q (g, qﬂ"))—z QZ/S <q/8 ))

(Q/S t) 1

= ula/9)f(q,s)

slq

Therefore, by (2.5)-(2.7),

A(g,a,B3) = Ze (ar/q) < Z ane(nf) — Z f(q, (q,r))e(nﬁ)). (2.11)

n<T n<e
n=r (mod q)

We concentrate first on (2.8). We sum the above over a with 1 < a < ¢ and
(g,a) = 1. We take the sum over a inside the sum over r. The sum of e(ar/q) over
these a is 3, () s#(q/s). Then we interchange the sums over r and s and (2.11)
becomes

Soutar (X wwelnd) - X (@ r)etnd))

slq r=1 n<x n<x
slr n=r(modq)

> sula/s) Y (an — f(s,5))e(np),

slg n<x
s|n

By (2.3) this is

Phil. Trans. R. Soc. Lond. A (1998)
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800 R. C. Vaughan
and by (1.4) and partial summation this is

< o(q) 7 (1 +=[p]),

.
v(x)
which gives the first part of the lemma.

We now transfer our attention to (2.9). By (2.11) and the orthogonality of the
additive characters we have

S |A(g a8 Z( > aned) - X flanaretun))

n<e n<e
(a,q)=1 n=r (mod q)

We now apply partial summation to the sums over n and invoke (1.4) once more.
This gives (2.9). To complete the proof of the lemma we simply observe that (2.9)
implies that lim, ., 27 1A(g,a,0) = 0. |

Lemma 2.4. Suppose that (1.4) holds. Then

2
03000/ = 3 0tr) (3 rolutrf))
rlq rlg s|r
Proof. We evaluate

> aue(an/q)

n<z

A= ILm szzq:

a=1

in two different ways. By the orthogonality of the additive characters, the sum over

ais
q 2
q E § Aman = q § ( E am) >
m<x n<x a=1 m<x
n=m (mod q) m=a (mod q)
and so

—qu(a (g.0)* =qY_ oq/r)f(g.r)*

rlq
On the other hand, the sum over «a is also
rlg b=1
(b,r)=1

and by (2.9) lim, . 271 A(g,a,0) = 0. Thus, by (2.5)—(2.7),

A=Y Y (Zf<r,s>u<r/s>)2,

rlg b=1 s|r
(bvr):l

Z ane(bn/r)

n<x

)

which completes the proof. |

Phil. Trans. R. Soc. Lond. A (1998)
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Lemma 2.5. Assume (1.4) and (1.5), and that g is defined by (1.6). Then the

series
o0
> glq)

q=1

converges.

Proof. By the large sieve inequality (see, for example, Davenport 1980, § 27, the-

orem 2),
Z Z G(a/q)| \(a:—l—Qz)Zai.

qg<Q a=1 n<r
(a,g)=1

We divide both sides by z? and consider the limit superior as z — oco. Hence, by
(1.5), (2.6), (2.10) and (1.6),

> glg) = Z¢(Q<qu, Q/S>2<<1,

q<Q q<Q slq

and this holds uniformly for all Q. |

3. Initial arrangements

We have
V(2,Q) =251 — 28 + S5+ Q] Y a2, (3.1)
n<x
where
g<Qn<x m<n
qln—m
q
=3 > af(a.(¢0)) D> an (3:3)
4<Qa=1 n<a
n=a (mod q)
Ss=>_ > a’¢(a/r)f(g.7)>. (3.4)
q<Q rlq
We have

S2=2 > wfer) > >

q<Q rlq n<x
(a,q)=r n=a (mod q)

and the innermost double sum is

Z myr = Z ,U'(S) Z Qnrs-
m<x/r slg/r n<z/rs
(m,q/r)=1

Phil. Trans. R. Soc. Lond. A (1998)
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Hence, by (1.4),

=310 3 o) (s + O 3 3 flaurldta/ra? 9(a) ).

rlq slq/r a<Q rlq
Therefore, by lemmata 2.1 and 2.4
=2 2* Y 6(a/r)f(a,r)* + 0¥ (x) " (10g 2Q)7/?).
9<Q g
Therefore, by (3.1) and (3.4)
V(2,Q) =281 = 83+ [Q] ) ai + 0¥ (2) " (10g 2Q)"/?). (3.5)
n<x

As is usual in these questions, the main part of our argument is concerned with the
sum Si.
For future reference observe that it may be supposed that z is sufficiently large.

4. The Farey dissection

Here we give only the conclusions as we follow exactly § 4 of Vaughan (this volume),
to which we refer the interested reader for details. Let

Fyla)= > ( >+ > >e(ozlm). (4.1)

I<yz m<z/l  Jr<m<min(Q,z /1)
qll

Then
zlog(2v/x/q) 1,—1,,—1/2
F o) « m—=N"T0 0 (< /o |B) < g ta™1?), 4.2
q(a) YT (¢ < V|8l < 5 ) (4.2)
We suppose that R satisfies
2z < R< o (4.3)
and define the major arc 9(q, a) by
a _ 1 a _ _
R R (4.4
and let G be as in (1.10). Then
S1 =854+ O(IR]Og SL’), (45)

where

= > Z /(qa) @)|G(a))? da. (4.6)

qg<z/R a=1
( 7Q) 1

5. The major arcs

Suppose that 1 < a < ¢ < z/R, (¢g,a) = 1 and a € N(q,a). Then, by (4.4),
a=a/q+ B, where 5 € I(q) with

I(q)=[-3¢ 'R 3¢ 'R71. (5.1)

Phil. Trans. R. Soc. Lond. A (1998)
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Hence, by (4.1) and (4.4)
q

Z [ﬁ(q,a) (@G /I(q)Fq(ﬁ) > IG(a/q+p)dp.

a=1
(q a) (g,a)=1

y (2.6) and (2.7), the integrand here is
v(q)?Fy(B)]J(B)° + A1 (B) + A2(B),

where
q
A1(B) = v(@)Fy(B)2RI(=B) Y Alg,a,p)
(et
and

M(B) =Fy(B) > |Ag,a,5)P

(a.0)=1
Hence, by (2.5), (2.6), (2.8), (2.9) and (4.2),

o(q)z3logx 21801
809 < o PR 1 )
and
2(9) < BB 14 ),
Therefore, by (1.6) and (5.1),
2 _ 2
Z L, B = / I@EOE)
(q a) 1
2?(logz)?  x3logz  atlogx
* O(; ) G+ G )

Hence, by (2.1),

Sy = S5 + O(z*(log 2)°2W ()~ + z*(log #)? R™2W (2) ~2), (5.2)
where

5= 3 ol JICEERY (53)

We now wish to replace each I(q) by a unit interval. We cannot use (4.2) throughout
the new range for 3. However, by (4.1) we have the cruder estimate

F,(B) < xq ' log . (5.4)

Then the error introduced by replacing I(g) by a unit interval is

< Z q)zRlogr < zRlog .
g<z/R

Phil. Trans. R. Soc. Lond. A (1998)
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We may also use (5.4) to estimate the contribution when we add the ¢ in the range

/R < q¢ < y/z. Thus, by lemma 2.5 and (5.2),

S5 = Se + O(zRlog x)
where

1/2
Si= 3 d@ola) [ FOIE) 0.
VA —1/2
Thus, by (4.5) and (5.2) S; differs from Sg by an amount which is
< Rrxlogz 4 22 (log )@ ()~ 4 2 (log z)2R™2w (x) 2.
The optimal choice for R here is
R = max(2y/z, z(log )'/3w (x)~%/3)

and we observe that this is consonant with (4.3) since ¥(z) > log z. Hence

S = S + O(2*?log & + 22 (log )/ *W () ™" + 2% (log )/ 3w () ~2/3).

6. Completion of the proof of theorem 1.1
By (5.5), (4.1) and (1.10),

s=y (X ¢ X Y-,

I<y/z m<z/l  z<m<min(Q,z/l)
where
h(l) =" g(q).
qll
By lemma 2.5,
h(l) g(r) 1
.=l o ) <o,
I<\/z r<y/x m<zx/r
and similarly
> h(l) < v
I<y/z

(6.3)

Thus the [z] in (6.1) can be replaced by x with a total error < xlogx. A straight-

forward calculation shows that

< Z + > (x —Im)

m<z/l  z<m<min(Q,z/l)

is )
r?  x s @[z
oVt - <—l> +0(z)

when | < /Q and is

Phil. Trans. R. Soc. Lond. A (1998)
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when z/Q < < /x. Hence, by (6.2),

255 =" ) @ +aW(Vz) — Q*W (x/Q) + O(2*/?), (6.4)
I<yz
where
W(X)=Y" #)(X —1)2. (6.5)
<X

Therefore, by (3.5), (3.4), lemma 2.4, (1.6) and (5.6),

Ve = Y "o awve) - @/

Va<i<a/Q n<w
+ O0(z**(log ) + 2% (log )" 2W () ™! + 22 (log ) /3w () ~%/3).

(6.6)
Let
N 9)
CO - Z ' (67)
q=1 q
and
= lo
C1 =10y - 3 HI80 (63
q=1 1
where v is Euler’s constant. By (6.2),
h(l) 9(q) 1 9(q) X
<X q<X m<X/q q<X
Hence, by lemma 2.5, (6.6) and (6.7),
Z @ =Cplog X + C1 + O(X 'log X).
<X
Therefore, by (6.6),
V(@.Q) = QY a2 — Cortlog - + W (ya) - @*W(a/Q)
n<x
+ 0(z*?log x + 22 (log z)°/?W (z) ™ + 2% (log )/ 3w () ~2/3).
(6.9)

The final stage of the proof of theorem 1.1 is the investigation of W (X). We have
1 X rx?

E (X—m)2—/ (2—1> [u] du.
m 1 u

m<X
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Let By(u) = u—[u] — § and Ba(u) = & (u—[u])? — 3 (u— [u]) + ;5. Then, by repeated

partial summation the above becomes

Z%(w— m)? = X?log X — X? + X — / <1>Bl(u)du

m<X
9 9 X ox?
=X*(logX — 1)+ X + (X*—1)Ba(1) — FBQ( u) du.
1
(6.10)
Hence
1
Y (X =m)?=X"log X + CoX? + X + O(1), (6.11)
m<X m
where
11 o0 BQ(U)
= —— — du. 6.12
CQ 12 2/1 u3 u ( )

Therefore, by (6.2) and (6.5),

= agla) > (qu_ )2

q<Y r<Y/q
=¥ Y oev/0) + 2L v Y g0+ 0 L) (613
q<Y g q<Y q<Y

The error here is

and completing each sum in (6.13) to infinity introduces an error

<Yy g(q)log(‘]/qY)Jrl +Y ) gla).

q>Y q>Y
The factor (log(q/Y) + 1)/q is a decreasing function of ¢ when ¢ > Y. Thus the

introduced error is
<Y Z g(q) < EY
q>Y

Hence

W(Y)=Y?(logY + C2)Co — Y? i g(q)qlogq +Y f:g(q) +O(E(Y)).

Theorem 1.1 now follows from this, (6.9) and lemma 2.5.

7. The proof of theorem 1.2
By (6.10)

> m(X m)?* = X21ogX+02X2+X+03+/ —Bg( ) du,
m<X
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where C5 is given by (6.12) and

C3=—15.
Therefore
W(Y)=N(Y)-P(Y)+ YY)+ P(Y),
where
Zg <10gy+022+Y) (7.1)
P(Y)= g(r) <1og’: + CQY— + Y)
r>Y
Py(Y)=C5 Y rg(r)
r<Y
and

P3(Y):/1002£Bg(u) > @du.

Y/u<rY

By (1.12) and partial summation

g(r o,
e it A
>y 1+77
gr), r en -

2y e
>y
and
n
> rg(r) Yyt
r<y L

as y — 00. Thus
W(Y)=N(Y)+P(Y)+ P5(Y),

where
Py(Y) = cCyY'™,
with 5 © 3 1
Oy — 77/ 2w g m A
1+7 w2 (1+n)2 12+ 12y 12— 129
and

P5(Y) = o(Y'™")

as Y — oo. To obtain the constant C4 in a more convenient form we observe that
C4 depends only on 1 and that the above analysis holds in the special case g(r) =
nr~177 and then ¢ = 1. On the other hand, in this case we have

2+ioco Y2+5

and it follows from standard estimates for the Riemann zeta function that the path
of integration can be moved to the left of the line s = —1 — 7. In doing so one picks

Phil. Trans. R. Soc. Lond. A (1998)


http://rsta.royalsocietypublishing.org/

\
\ \

Py
A

yA

A

J

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A
N
A A

P

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

808 R. C. Vaughan
up contributions from the poles at s =0, s = —1 and s = —1 — 5. The residues from
the poles at s = 0 and s = —1 give precisely N(Y) and the residue at —1 — 7 is
Yi712¢(—n)
T
Moreover, the contribution from the new path of integration is
oY1),
Hence 2 (=)
Cy = f_ 77772 .
Thus

W(Y)=N(Y)+ec QC( :)Yl "4 o(Y1M),

Armed with this new estimate we return to V(z, Q). By (6.9), (7.1) and (6.7),

QY & szg )+ QM (x/Q)

n<a
+ O(z*/? logx + 22 (log 2)°/2W (z) ™ + 2®(log )/ 3w (2)~2/3),
where
M(y) ~ _126( 1) i
as y — 00.

It is easily verified that
Q2 (+2m) < 03/2 4 Qltngl=—n

and theorem 1.2 follows at once.

8. The proof of theorem 1.3

It suffices to estimate A(x;q,a) accurately. Clearly A(z;q,a) = B(x;q,a) + O(1),
where B(z;q,a) is the number of m with m < z/q and 5 (mq+ a)} < 0. Choose
b and r so that |A\r — b < 1/r, (b,r) = 1 and r < x?/3. Let r; = r/(q,7) and
q1 = q/(q,r). For each j with 0 < j < r; the number of m with m < z/q and
[Aari] + bmg; = j (modry) is

x

— +0(1).

qry W)
Moreover, for such an m

{Amq+a)} = {j/r1 +mq(X = b/r) + {Xari}/r},
and with the exception of < z/r + 1 values of j this is
j/ry+n(/r® +1/r),

where |n| < 1. Thus

B(x:q,a) = K;}(;ﬁ +0(1>> +o<<f + 1) <q"f1 n 1))

and the desired conclusion follows.
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